Abstract. Two singularly perturbed convection-diffusion-reaction equations are examined to show the effect of small spatial inhomogeneities on metastable dynamics in one spatial dimension. The two problems that are considered are the Ginzburg-Landau equation from phase separation theory and a viscous shock problem modeling transonic nozzle flow. For each problem, the differential operator is perturbed by an exponentially small spatially inhomogeneous term as the singular perturbation parameter s tends to zero. This weak spatially inhomogeneous term represents the perturbing effect on the metastable dynamics of an internal layer that is slowly propagating along a channel of slowly varying cross-sectional area. It is shown that the effect of such a perturbation can be very significant and often leads to the existence of new stable equilibrium internal layer solutions that do not exist in the absence of the perturbation. This pinning effect induced by the perturbation is studied asymptotically as e -> 0 and the asymptotic results are compared with full numerical results.
1. Introduction. We study two singularly perturbed evolution equations exhibiting metastable dynamics in a weakly inhomogeneous medium. The first problem we consider is the following generalized Ginzburg-Landau equation, which models the slow propagation of an internal layer in a thin channel: 
1b) M0,£) =Ua;(M) =0> u(x,Q) =uo(x).
Here e > 0 is a small parameter and A = A(x, e) > 0 is the local cross-sectional area of the channel, which is specified below. A typical example is Q(u) = 2(u -u 3 ) for which s± = ±1 and V(u) = ^(1 -u 2 ) 2 . The motivation for studying (1.1) is related to the problem of determining the conditions for the existence of stable spatially inhomogeneous steady-state solutions to the Ginzburg-Landau equation Here D is a bounded domain in R N and d n denotes the outward normal derivative to dD. In a convex domain, it is well known that (1.3) does not admit a stable spatially inhomogeneous steady-state solution (cf. [5] , [18] ). However, this non-existence result does not hold for non-convex domains (cf. [9] , [12] , [18] ). In Appendix A, we show how (1.1) arises from an asymptotic reduction of (1.3) when D is a thin, axially symmetric domain as shown in Figure 1 .1. In this context, x represents the direction along the axis of the channel and A represents the local cross-sectional area of the channel.
When A = l, which yields a slab geometry, it is well known that the propagation of an internal layer for (1.1) is exponentially slow as e -> 0 (i.e., metastable) and that a stable spatially inhomogeneous solution for (1.1) does not exist (see [4] , [8] , [14] , [22] ). When A = l, the metastability is a consequence of an exponentially small eigenvalue for the linearization of (1.1) around an internal layer solution.
FIG. 1.1. A cylinder of revolution with cross-section described in dimensional variables R = RoF(X/L).
This exponential ill-conditioning suggests that the dynamics of an internal layer solution for (1.1) will depend very sensitively on the channel cross-section A when A is slightly offset from the uniform value A = 1. In particular, exponentially small changes in A -1 should influence the dynamics greatly. Therefore, in §2, we study (1.1) as e ->> 0 for an A(x; e) of the form (1.4) A(xie) = l + e' M g(x)ed / e .
Here JJ, and d > 0 are constants and g(x) is smooth. If g"(x) < 0, then D is convex and we expect that (1.1) will have no stable spatially inhomogeneous equilibrium solutions. When g"(x) > 0 and 0 < d < d c , where d c is some constant, we show in §2 that (1.1) can have a stable spatially inhomogeneous equilibrium internal layer solution where the internal layer is located at a zero of g'(x). This phenomenon, in which an internal layer or other localized structure is stabilized by a weakly inhomogeneous medium, is called pinning. The effect of pinning of other localized structures such as vortices in superconductivity has been studied in [6] , [16] . When g ,f (x) > 0 and d = d Cl we show in §2 that the internal layer can be pinned at other locations in the interval [0, 1] . In §2.1, we provide an asymptotic estimate for the principal eigenvalue Ao associated with the linearization of (2.1). In §2.2, we use the projection method, as surveyed in [23] , to derive a differential equation for the location xo(t) of the internal layer, and we determine its limiting behavior as t -> oo. Finally, in §2.3, we compare our asymptotic results with corresponding results obtained from a full numerical solution of (1.1).
The second problem we consider is the nonlinear convection-diffusion equation ( 
1.5a) m + [f(u)] x -c(x;e)h(u) = eu xx ,
0<a:<l, ^>0, (1.5b) tz(0) = a-, u{l) -a + ; w(a;,0) = u^x).
Here 0 < 6: «C 1, a_ >0 and a+ < 0 are constants, and /I(M) and /(it) are smooth. The flux function j{u) is assumed to be convex and satisfies (1.6) /(a + ) = /(<*_), /(0) = /'(0) = 0, «/'(«) >0 for u^0 .
The function c(x; e) is chosen to be (1.7) c(x',e) = -e»cj(x)eE~ld .
Here // and o? > 0 are constants and g{x) is smooth. A primary motivation for studying (1.5)-(1.7) is that, for the special case when h(u) = u and /(u) = ^2/2, this problem models transonic gas flow in a nozzle of cross-sectional area A(x\s) given by c{x\e) = -A x (x;£)/A(x;£) (cf. [11] , [10] , [17] , [20] ). Hence, for e < 1, the cross-sectional area A(x]£) can be taken precisely as in (1.4) . In this context, the nozzle is said to be divergent if g'fa) > 0 for all x, convergent if g f (x) < 0 for all #, and convergent-divergent if g'fa) has no definite sign. For Burgers equation (f(u) -u 2 /2) in a straight channel where g(x) = 0, it was shown in [13] , [15] , and [19] that there exists a unique and stable equilibrium shock layer solution centered at XQ = 1/2. It was also shown that for the corresponding time-dependent problem, a viscous shock, which gets formed from the initial data, tends toward the steady-state solution only over an asymptotically exponentially long time interval as e -> 0. This metastable behavior arises from the occurrence of an asymptotically exponentially small principal eigenvalue for the linearization of Burgers equation around the viscous shock solution. In view of this exponential ill-conditioning of Burgers equation, we expect that shock-layer solutions can be significantly altered by perturbing the differential operator by exponentially small terms. In [15] , we remark that the effect of exponentially small but spatially homogeneous perturbations was considered.
Our primary goal in §3 is to study the pinning effect induced by the spatially inhomogeneous term c(x]e) in (1.5) . In particular, we analyze the existence, stability, and dynamics of equilibrium and time-dependent shock-layer solutions to (1.5). In §3.1, we obtain an asymptotic estimate for the principal eigenvalue AQ associated with the linearization of (1.5) around a shock-layer profile. In §3.2, we use the projection method of [23] to derive a differential equation for the location XQ (t) of the shock-layer trajectory. We then analyze the equilibrium solutions of this differential equation and determine their stability properties. In §3.3, we illustrate the results for certain forms of g(x) when h(u) = u and f(u) = 'U 2 /2, modeling transonic nozzle flow, and we compare our asymptotic results with corresponding numerical results. Our results show that, under certain assumptions, there can exist stable steady-state shock-layer solutions along a convergent nozzle or in the convergent part of a convergent-divergent nozzle. In contrast, it was shown, using a nonlinear stability analysis in [7] , that when c(x\e) is independent of e and when the diffusive term eu xx in (1.5) is absent, the corresponding inviscid problem does not admit stable shock waves in these nozzles.
A generalized Ginzburg-Landau equation.
We now study (1.1) in the limit e -► 0 with A{x\£) as given in (1.4). A one-layer metastable pattern for (1.1) can be approximated by
where u c (z) is the heteroclinic orbit that connects s + and s_, which satisfies
Here the positive constants u± and a± are defined by
We now look for a solution to (1.1) for t > 1 in the form
where w <^ u c and i^t < dtu c . The trajectory XQ = xo(i) gives the approximate location of the zero of u(x,i) during the metastable evolution. Substituting (2.4) into (1.1), and using (2.2), we obtain that w satisfies the quasi-steady problem
where z = e _1 [x -Xo(t)]. Here A is given in (1.4) and the operator L £ is defined by (2.6) L e w = e 2 (Aw x ) x + AQ'(u c )w .
The eigenvalue analysis.
For a fixed ^o € (0,1), we now study the eigenvalue problem
Here (w, v) = / 0 uvdx. For this eigenproblem, the eigenvalues Xj for j > 0 are real and the principal eigenvalue AQ is exponentially small as e -> 0. 
k-0
We now discuss the behavior of the equilibrium solutions for xo(t). We first observe that in (2.25), /i(0) < 0 and h(l) > 0 for s -* 0. Thus, there exists at least one equilibrium value x™ for a;o(£). The existence of any other equilibrium value for XQ depends on the constants d and fi and the function g'ix). For example, when d > 0 is sufficiently large, the terms in (2.26) proportional to e~d/ £ are insignificant and, consequently, the equilibrium value for XQ is given uniquely by Using this corollary, it follows that an equilibrium solution with an internal layer located at XQ = x™ is unstable when g'^x™) < 0. Since g"(x) < 0 corresponds to a convex domain in higher dimensions, this result re-states the conclusion in [5] and [18] concerning the instability of non-constant steady-state solutions to (1.3) in convex domains. However, when #"(a^) > 0, then Ag 2 can be negative for certain choices of jji and d, resulting in a stable internal layer solution centered at x™. The key point to construct a stable equilibrium solution is to guarantee that (2.25) has multiple equilibria corresponding to simple zeroes of h(xo). Then, we must have exactly one stable equilibrium of (2.25) between every two consecutive unstable equilibria. We will see from the examples below that this can be realized by selecting the cross-sectional profile A(x, e) (i.e., g(x)) appropriately.
Comparison of asymptotic and numerical results.
We now compare the asymptotic results obtained above with the corresponding full numerical results computed directly from (1.1). We also show the existence of stable equilibrium solutions with an internal layer structure to the generalized G-L equation (1.1) .
In all of the calculations below, we have taken Q(u) = 2(u -u 3 ), for which a + = a_ = 2, v + = v-= 2, and u 8 (z) = tanh(;z). In addition, we calculate that fo = 4/3, 7i = 2/3, 73 = (TT 2 -6)/36, and 72^ = 0 for k > 0. 
To check the validity of (2.29), we solved (1.1) numerically for a number of choices of g(x), three of which are described below.
To compute numerical solutions to (1.1), we use a transverse method of lines approach (cf. [2] ). This method is based on replacing the time derivative in (1.1) by a difference approximation and then solving the resulting boundary value problems in space. More specifically, we convert the time-dependent problem (1.1) to a set of boundary value problems using the second order Backward Differential Formulas (BDF) [2] , which we solve at each time step using the boundary value solver COLSYS [1] . Since the motion of the internal layer solutions is exponentially slow, we found it necessary to implement a time-stepping control strategy to efficiently track the solutions to (1.1) over long time intervals. To achieve this, we used the /2-norm of the difference between the solutions of the second order and the third order BDF schemes as an error indicator to reject large inaccurate time steps or to enlarge unnecessary small time steps. See [21] for details of these algorithms, where they were used in a different context.
The metastablity result (2.29) is valid only after the completion of an 0(1) transient period that describes the formation of an internal layer from initial data. In the computations below, we took u(x, 0) = u c ([x -XQI/S) as the initial data for (1.1) where u c (z) is defined in (2.2) and XQ G (0,1) is the initial zero of u. To eliminate any unwanted transient effects, we computed the solution to (1.1) with this initial data until t '= 5. At this time, x® is reset to be the zero of u predicted by the numerical method. This new value for XQ is used as the initial condition for (2.29). The differential equation (2.29) is then solved numerically for xo(t) using the initial value solver DP 12 [3] and for t(xo) using a numerical quadrature, and the results are compared with corresponding numerical results for the zero of u computed from the finite difference scheme. Table 2a for d -1.4 and in Table 2b for d = 1.5. They agree to at least 3-4 significant digits.
By plotting h(xo) in (2.29) versus XQ, we can show that XQ 1 = 1/2 is the only equilibrium to (2.29) when it is unstable. Alternatively, if the equilibrium XQ 1 -1/2 is stable, then (2.29) has two additional (unstable) equilibria that emerge from a pitchfork bifurcation as d is decreased below d = d c . In particular, for the parameter values £ = 0.1, ^ = -2, and d = 1.4, we calculate that there are two other equilibria at x™ « 0.4435 and x™ « 0.5565. For a more general g(x), the set of equilibria to (2.29) consists, for e -> 0, of the zeroes of </(#o) and probably one or two others near the endpoints, provided that 0.116292938 xlO* EXAMPLE 2.3. We now consider g(x) = JQ(S -|)(s -|)ds, which has one maximum at xi = | and one minimum at X2 = |. From the discussion before, since g"(xi) < 0 (#"(#2) > 0), we expect that when d > 0 is sufficiently small, the equilibrium of (2.29) near xi (#2) is unstable (stable). This is confirmed by the numerical results plotted in Figure 3 where s = 0.08, /x = 0, and d = 0.2. Figure  3a shows that the internal layer drifts slowly towards the stable equilibrium location at XQZ « 0.6608 when its initial location is at xo(0) = 0.4. However, in Figure  3b , the internal layer with initial location a;o(0) = 0.333 moves slowly towards the left and finally collapses against the wall at x = 0. This shows that there is an unstable equilibrium near #1, which is calculated from (2.29) to be XQ^ « 0.3401. Corollaries 2.3 and 2.4 suggest that there is another unstable equilibrium x^ between X2 and the right endpoint. We compute from (2.29) that XQC. « 0.7762. To confirm this conjecture, we compute the solution to (1.1) numerically for two different initial locations of the internal layer and we plot the corresponding numerical results at different times in Figure 4 . From this figure, we observe tha,t when ^o(0) > x^ or XQQ, < XQ (0) < £03 5 ^h e internal layer moves exponentially slowly away from xJI until it eventually collides with the endpoint x = 1 or it reaches its stable equilibrium location at a;g£, respectively. In summary, this example has three equilibrium internal layer solutions. The ones located at XQ[ and x^ are unstable, and the other one For this example, in Tables 3a and 3b , we give a comparison between the asymptotic and numerical results for the evolution of the internal layers corresponding to Figure 3a and 3b, respectively. In these tables, the second column gives the numerical results for xo(t) or t(xo) while the third and fourth columns show the corresponding asymptotic results from (2.29) with the one term and the two term expansions for the second pair of brackets in (2.29), respectively. Since it may happen that g'ixo) is close to zero during the evolution of an internal layer, the higher order term in (2.29) proportional to g m (xo) can be quantitatively significant in some cases. In most cases, we find that the relative errors for the two-term expansion are below 0.002% in Table 3a and 0.02% in Table 3b , while they are only about 3% in Table 3a and 50% in Table  3b for the one-term expansion. Thus, a two-term asymptotic expansion for (2.29) is certainly needed to obtain close quantitative agreement with the numerical results. We finally remark that, by taking g(x) to be a periodic function, it is possible to construct a domain profile A(x,e) such that (1.1) has arbitrarily many (stable) equilibrium solutions.
A Burgers-like convection-diffusion-reaction equation.
We now study (1.5) in the limit e -4 0 with c(rc;e) as given in (1.7). The viscous shock solution for (1.5) can be approximated by ( 
3.1) u(x,t) ~u s [e^ix-xoit))]
where the viscous shock profile u s (z) satisfies 
ds . J(s)-f(a±) v±(s-a±)
We now look for a solution to (1.5) in the form ( 
3.4) u(x,t) = u 8 [e-1 (x-xo(t))] +v(x,t)
where v <^ u s and vt ^ dtu s . The trajectory XQ -xo(t) gives the approximate location of the zero of u(x,t) during the metastable evolution. Substituting (3.4) into (1.5), and using (3.2), we obtain that v satisfies the quasi-steady problem
5b) i;(0, t) = a--u s (-xo/e) -a-e-"-* 0 '* , (3.5c) t;(l, t) = a + -u s ([l -xo]/e) --a+e-"^1-* 0^
where z = (x -Xo(t))/£. As in [19] , it is convenient to transform (3.5) to self-adjoint form by introducing a new variable w(x,t) defined by
Substituting (3.6) into (3.5), and using the asymptotic behavior of ^(z) as z -> ±oo, we find that w(x,t) satisfies Here V(x;e) is defined by ( 
3.8) V(x; e) = i [f'(u s (z))] 2 + lf"[u s (z)}u' s (z) -ech'[u s (z)]
where z = e~1(x -XQ) and c = c(x]e) is given in (1.7).
The eigenvalue analysis.
For a fixed XQ e (0,1), we now study the eigenvalue problem
Here (u, v) = / 0 wvdrr. For this eigenproblem, the eigenvalues Aj for j > 0 are real and the principal eigenvalue AQ is exponentially small as e -> 0. We now extend the analysis of [19] to give an estimate for AQ and for the corresponding eigenfunction 0o
We first define the trial function 0o by 0o(^) = ' l l )~1 {^^s^) where z -(x -Xo)/s and tp is defined in (3.6). Then, applying Green's identity to 0o and 00? and using (1.7), we get
Since L £ 0o is exponentially small and 0o is of one sign, we have that 0o ~ iVo0o, except near the endpoints at x = 0 and a: = 1. Here iVo is a normalization constant. We must modify 0o by inserting boundary layer profiles near the endpoints in order to satisfy the boundary conditions in (3.9b). These boundary layers can be analyzed in the same way as in [19] and, from this analysis, we obtain that 0o Since the dominant contribution to each of the inner product integrals in (3.10a) arises from the region near x = XQ, we can calculate (0o,0o) and (0o,L e 0o) using Laplace's method. As in [19] , we estimate
-OO
To calculate (0o, Z/ e 0o), we use (00, ^00) ~ NQ (0O, L £ 4>O) -Substituting 0o = , 0~1 {z) u' 8 (z) into this expression, and using (3.6) and ^(0) = -/(a._), we derive /oo g'ixo+ezyu'^h'iusiz^dz. where the coefficients 7^ in (3.14) are defined by Here i/±, a± are defined in (3.3), and jk is defined in (3.15).
The metastability analysis.
We now derive a differential equation for the location XQ = xo{t) of the internal layer trajectory. We first expand the solution w to (3.7) in terms of the eigenfunctions Qj of (3.9) as (3.18) ^M) = gl^i (x ).
The coefficients r^, which are found by integrating by parts, are
where ij) is defined in (3.6). Since AQ -4 0 as e -4 0, a necessary condition for the solvability of (3.7) is that ro -4 0 as e -4 0. Setting ro = 0 in (3.19), we obtain the asymptotic differential equation for XQ -xo(t) To obtain an explicit differential equation for XQ (t), we must evaluate the inner product integrals and the boundary terms in (3.20) . The dominant contributions to the inner product integrals arise from the region near x = XQFirst, we use (3.7b), (3.7c), and (3.11) to asymptotically calculate the last term on the right side of (3.20) as (3.21) . eVo*|J -Noef(a-) {a-iz-e-"-* 0 /' -a+v+e-'+t 1 
+ f [/»(«,) -h(a + )] g'(x) dx + h(a-) [g(xo) -g(0)} + h(a + ) [g(l) -g(xo)]
.
JXQ
The integrands in the two integrals on the right side of (3.24) are localized near x = XQ and can be evaluated using a Taylor expansion to get
^hiusiix -xo)/e]) dx -h(a-) [g(xo) -g(0)] Jo
where the coefficients /3^, for k = 0,1,..., are defined by
Using integrating by parts, it is readily seen that fik = 7A;+I where 7^ was defined previously in (3.15). We also observe that when f(u) is even and h(u) is odd, then fok =0fork>0. Finally, substituting (3.21), (3.22) , (3.25a) into (3.20), we obtain our main result for the metastable dynamics associated with (1.5): PROPOSITION . This will be illustrated below for some specific examples. Since jk = Pk-i, it follows that M'(xo) = Ao(xo)/£. Thus, the decay rate associated with infinitesimal perturbations about x™ is Ao^o 1 )/^. This leads to the following criterion for the stability of the equilibrium shock-layer solution. It is easy to show that a sufficient condition for M'fao) < 0 on XQ G [0,1] as e ->• 0 is that
(Metastable dynamics). For s -> 0 and t > 1, the metastable viscous shock dynamics for (1.5) is represented by u(x,t) ~ u it [£~1(x -xo(t))] where the internal layer trajectory XQ (t) satisfies the asymptotic differential equation
When this condition holds, the shock-layer solution centered at XQ = x™ where x™ is the unique root of M(xo) = 0, is stable for s C 1. In particular, (3.29) is satisfied when h'(u) > 0 for it G [a+, a_] and (/(x) > 0 on x E [0,1], which models a diverging nozzle flow as discussed following (1.7) above. More generally, a sufficient condition for the stability of a root xff of M(xo) = 0 is that (3.29) holds at XQ = xff. This stability conclusion for an internal layer solution is consistent with [11] . correspond to stable internal layer solutions. Notice, as d -¥ 0 + , x oi ~^ 0 and ^03 -> 1 so that these internal layer solutions become stable boundary layer solutions in agreement with the analysis in [11] for the case d = 0.
However, when g'(xo)[h(a-) -h(a+)
](3.30) h(a-) [g(xo) -9(0)] + h(a + ) [g(l) -g(xo)] = 0.
The assumption g'(x^2 )[h(a-) -h(a+)] <

Comparison of asymptotic and numerical results.
We now compare the asymptotic results obtained above with the corresponding full numerical results computed directly from (1.5). For all of the calculations below, we consider the case
As discussed in [20] , and following (1.7) above, this problem models the transonic flow through a nozzle of cross-sectional area A{x\ e) -1 + £ M e~f f d g{x). We will consider nozzles of different cross-sectional areas by varying the term g{x) in (3.17), (3.26), and (3.27). Recall that the nozzle is said to be divergent if g'ix) > 0 for all x, convergent if g'ix) < 0 for all x, and convergent-divergent if g f (x) has no definite sign. We use a similar numerical method as described in §2.3 above to compute numerical solutions to (1.5) In most cases, the higher order terms in the square brackets on the right sides of (3.32) and (3.33) make only very minor improvements to the results. Thus, except when specified otherwise, they are ignored when making the comparisons below. EXAMPLE 3.1. We first consider a divergent nozzle where g(x) = Cx for some C > 0. From (3.32) and (3.33), the only equilibrium value for xo(t) is x™ = \ and the principal eigenvalue Ao(l/2) is always negative for any fi and d > 0, C > 0. Thus, from Corollary 3.3 and 3.4, there is a unique shock-layer solution centered at x = 1/2 and it is stable. This agrees with the conclusion in [7] and [17] that flows along a divergent nozzle are always stable. The case C = 0 was well-studied in [13] , [15] , and [19] and comparisons between asymptotic and numerical results can be found in [15] and [19] . Tables 4 and 5 , where a = 1. In these tables, we give the asymptotic and numerical results for xo(t) in the second and third columns respectively, and the error representing the difference between the asymptotic and numerical results in the fourth column. The asymptotic results agree with the numerical ones to at least five decimal places. From these tables, we observe that when the equilibrium x™ -~ is unstable, the shock layer will move away from x™ -\ v,m _ I to somewhere else, but not to the endpoints x -0,1. This suggests the existence of other stable equilibria for (3.33). For this example, it is easy to show that when x™ -| is unstable (i.e., Ao(|) > 0), then M{x §) has exactly two more zeros that are symmetric about x™ -|. They correspond to two stable equilibrium values for #o(£)-When x™ -\ is stable, then it is the only zero of M{x §). This analysis is illustrated by plotting M(#o) in Figure 5 . Therefore, there exists either one or two stable steady-state solutions of the form u rsj Us[(x -x^/e] along the convergent nozzle we are considering. The analysis of [7] for the inviscid problem
proved that standing shock waves in a convergent nozzle (i.e., c(x) > 0 for all x) or in the convergent portion of a convergent-divergent nozzle are unstable. Our example has shown convincingly that the effect of viscosity and the boundary conditions in (1.5) allows for the existence of a stable standing wave in a convergent nozzle when c(x) is replaced by the form in (1.7). .2905679 xlO 10 .390284916 .390281195 .372xl0-5 0 < d < x*, then it is easy to see that for e -Y 0 the function M(XQ) in (3.33) will have three zeros xgi, x^, and ^03, satisfying 0 < XQJ < x™2 < %* and a < XQ^ < 1. These zeros are illustrated in Figure 6 for the parameter values e = 0.04,a = l,// = -1, d = 0.171244968, and a = 0.8. From the discussion following Corollary 3.4, it is clear that XQI and XQ^ are stable equilibria and that XQ2 is unstable. In Figure 7 , we verify the stability of XQI and XQ^ by plotting the numerical solution to (1.5) at different times for two initial values XQ. The two initial values x® in Figures 7a and 7b are so close that there is only one unstable equilibrium for xo(t) between them, which is x^. EXAMPLE 3.4. Finally, we give an example to illustrate that it is possible to construct a nozzle geometry to guarantee an arbitrary number of steady state internal layer solutions. We take g(x) = sm(n7rx) where n is positive integer. Let x* = i/n for i = 0,..., n be the i-th zero of g (x) . In this case, the differential equation Tables 6a and 6b . These tables also display the asymptotic result (3.36) with both the one-term and the two-term expansions for £• The error terms in the fourth and sixth columns represent the difference between the asymptotic and numerical results. Since the higher order terms in £ in (3.36) are significant, we observe from Table 6 that a two-term expansion for 7/ is certainly needed to obtain close quantitative agreement with the numerical results for xo(t). Finally, in Figure 8 , we plot the shock layer evolution corresponding to the data in Table 6 , which shows that x^ and x™ s are stable equilibria, while x^ is an unstable equilibrium. .573X10- We now derive a partial differential equation that is valid for U in the limit 6 -» 0. We expand U away from the endpoints at x = 0,1, as U'= UQ + 6 2 Ui H . Substituting this expansion into (0.2a) and (0.2b) and collecting powers of <5 2 , we obtain To study the slow motion of internal layers under (0.6), we suppose Q ^> 1 and so we write Q = e~2 for some e <C 1. Then, setting t = s _2 r, we find that (0.6) reduces to (1.1) when the cross-sectional area A = A(x,e) is given by A(x,e) = l + £ fJ 'g(x)e~d/ £ .
